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Almost laura algebras
David Smith
Abstrat. In this paper, we propose a generalization for the lass of laura
algebras of [3℄ and [33℄, whih we all almost laura. We show that this new
lass of algebras retains most of the essential features of laura algebras, espe-
ially onerning the important role played by the non-semiregular omponents
in their Auslander-Reiten quivers. Also, we study more intensively the left
supported almost laura algebras, showing that these are haraterized by the
presene of a generalized standard, onvex and faithful omponent. Finally, we
prove that almost laura algebras behave well with respet to full subategories,
split-by-nilpotent extensions and skew group algebras.
In the representation theory of algebras, a prevalent tehnique onsists of mod-
ifying ertain features of a well-known family of algebras in order to obtain one
whose representation theory is, to a large extent, preditable. For instane, in [22℄,
Happel, Reiten and Smalø dened the quasitilted algebras (that is the endomor-
phism algebras of tilting objets over a hereditary abelian ategory), thus obtaining
a ommon treatment of both the lasses of tilted and anonial algebras. To over-
ome some diulties aused by the ategorial language, they introdued the left
and the right parts of the module ategory of an algebra A, respetively denoted
LA and RA. They showed that an algebra A is quasitilted if and only if its global
dimension is at most two and any indeomposable A-module lies in LA ∪RA.
Sine then, many generalizations of quasitilted algebras, based on the behavior
of LA and RA have appeared, suh as the shod, the weakly shod, the laura and
the supported algebras (see the survey [5℄). Among them, laura algebras have been
introdued independently by Assem and Coelho [3℄ and Reiten and Skowro«ski
[33℄ as a generalization of representation-nite algebras and weakly shod algebras.
Their nie properties have made them rather interesting and widely investigated
(see [39, 4, 7, 25, 40, 20℄, for instane). The aim of this paper is to introdue a
new lass of algebras, alled almost laura, determined by the behavior of the innite
radial of modA and generalizing laura algebras.
This paper is organized as follows. In Setion 1, we x the terminology and
prove some preliminary results. In Setion 2, we give the denition of almost laura
algebras and disuss examples. In Setion 3, we study the Auslander-Reiten quiver
of an almost laura algebra and we lassify the almost laura algebras whih are
laura. Setion 4 is devoted to the left (or right) supported almost laura algebras
(in the sense of [6℄). Our main result (see (4.9)) is an analogue of the result of
[33, (3.1)℄ for laura algebras (see also [25, (4.2.5)℄), and states that if A is left (or
right) supported, then A is almost laura if and only if its Auslander-Reiten quiver
has a generalized standard, onvex and faithful omponent. Finally, in Setion 5,
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we show that almost laura algebras behave well with respet to some onstrutions
preserving homologial properties, suh as dealing with full subategories, split-by-
nilpotent extensions and skew group algebras. The main result of this setion states
that if G is a nite group ating on an algebra A and whose order is invertible in
A, then A is almost laura if and only if so is the skew group algebra A[G] (see
(5.11)). As a onsequene, we get that the innite radial of A is nilpotent if and
only if so is the innite radial of A[G], and in this ase, they have the same index
of nilpoteny. We also dedue that A is yle-nite (in the sense of [9℄) if and only
if so is A[G] (see (5.12)).
1. Preliminaries
In this paper, all algebras are artin algebras over an artinian ring k (and, unless
otherwise speied, onneted and basi). For an algebra A, we denote by modA its
ategory of nitely generated left modules and by indA a full subategory of modA
onsisting of one representative from eah isomorphism lass of indeomposable
modules. For a subategory C of modA, we write M ∈ C to express that M is an
objet in C, and denote by add C the full subategory of modA having as objets
the diret sums of indeomposable summands of objets in C. For an A-moduleM ,
we denote by pdM its projetive dimension and by idM its injetive dimension.
We denote by Γ(modA) the Auslander-Reiten quiver (AR-quiver for short) of
A and by τA the usual AR-translation. By an AR-omponent Γ of Γ(modA),
we mean a onneted omponent of Γ(modA). Then Γ is non-semiregular if it
ontains a projetive module and an injetive module, and semiregular otherwise.
Also, Γ is faithful if it ontains a faithful module, that is a module M whih
ogeneratesA. Finally, an indeomposable moduleM ∈ Γ is left stable if τnM 6= 0
for eah n ≥ 0 and we dene the left stable part of Γ to be the full subquiver
of Γ onsisting of the left stable modules in Γ. We dene dually the right stable
modules and the right stable part of Γ.
We all radial of modA and we denote by rad(modA) the ideal in modA
generated by all non-isomorphisms between indeomposable modules. The innite
radial rad
∞(modA) of modA is the intersetion of all powers radn(modA), with
n ≥ 1, of rad(modA). A omponent Γ of Γ(modA) is generalized standard [35℄
if rad∞(M,N) = 0 for eah M,N ∈ Γ.
A path of length t is a sequene δ : M =M0
f1 // M1
f2 // · · ·
ft // Mt = N
(t ≥ 0) whereMi ∈ indA and fi is a non-zero morphism for eah i. In this ase, we
write M
δ ///o/o N and we say that M is a predeessor of N and N is a suessor
of M . Following [35℄, a path δ is innite if fi ∈ rad
∞(modA) for some i, and
nite otherwise. If eah fi is irreduible, δ is a path of irreduible morphisms
and, in this ase, δ is setional if it ontains no triple (Mi−1,Mi,Mi+1) suh that
τAMi+1 =Mi−1. A renement of δ is a path M =M
′
0
f ′1 // M ′1
f ′2 // · · ·
f ′s // M ′s = N,
with s ≥ t, with an injetive order-preserving funtion σ : {1, . . . , t− 1} //{1, . . . , s− 1}
suh that Mi = M
′
σ(i) when 1 ≤ i ≤ t − 1. Finally, a path δ is a yle if M = N
and at least one fi is not an isomorphism. An A-module M is direting if it
does not lie on any yle and a omponent Γ of Γ(modA) is direted if it on-
tains only direting modules. Also, Γ is almost direted if it ontains only nitely
many non-direting modules, and quasi-direted if it is also generalized standard.
Moreover, Γ is onvex if any path from M to N , with M,N in Γ, ontains only
modules from Γ.
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Let A be an artin algebra. Following [22℄, we dene the left part LA and the
right part RA of modA as follows:
LA = { M ∈ indA | pdAN ≤ 1 for eah predeessor N of M },
RA = { M ∈ indA | idAN ≤ 1 for eah suessor N of M }.
The next result is helpful to detet the modules whih lie in LA or in RA.
LEMMA 1.1. [3, (1.6)℄ Let A be an algebra.
(a) LA onsists of the modulesM ∈ indA suh that, if there exists a path from
an indeomposable injetive module to M , then this path an be rened to
a path of irreduible morphisms, and any suh renement is setional.
(b) RA onsists of the modules N ∈ indA suh that, if there exists a path from
N to an indeomposable projetive module, then this path an be rened
to a path of irreduible morphisms, and any suh renement is setional.

We onlude this setion with some preliminary results, needed later on.
LEMMA 1.2. Let A be an algebra and Γ be a omponent of Γ(modA). Assume
that rad∞(M,N) 6= 0 for some indeomposable modules M,N with N ∈ Γ. Then,
for eah L ∈ Γ, there exists N ′ ∈ Γ suh that :
(a) There exists a path of irreduible morphisms from N ′ to N ;
(b) N ′ is a predeessor of L or is a predeessor of a projetive module in Γ;
() rad∞(M,N ′) 6= 0.
Proof. Let M and N be as in the statement. There exists a path of innite
length of irreduible morphisms
· · · //Nr
hr //Nr−1 // · · ·
h2 //N1
h1 //N0 = N
in indA suh that there exists ur ∈ rad
∞(M,Nr) with h1h2 · · ·hrur 6= 0 for eah
r ≥ 1 (see [36, (2.1)℄). Let L ∈ Γ. We laim that there exists s ≥ 1 suh that Ns is a
predeessor of L or is a predeessor of a projetive module in Γ. Indeed, if this is not
the ase, then Ni is not projetive for all i and it follows from [16, (1.1)℄ that there
exists an integer r ≥ 1 whih is minimal for the property thatNi is not a predeessor
of τrN for all i. By the hoie of r, there exists Nj suh that Nj is a predeessor
of τr−1N . We laim that the path Nm
hm//Nm−1
hm−1 // · · ·
hj+1//Nj is setional for eah
m > j. Indeed, if this is not the ase, then there exists n with j ≤ n ≤ m− 2 suh
thatNn+2 = τNn. This yields a path Nn+2 = τNn ///o/o τNj ///o/o τ
rN , a ontradition
to the hoie of r. In partiular, Nm 6= Nn whenever m 6= n and m,n ≥ j.
Therefore, Hom(Nm, τNn) 6= 0 for some m,n ≥ j by [37, (Lemma 2)℄. Again, this
yields a path from Nm to τ
rN , a ontradition. Thus there exists s ≥ 1 suh that
Ns is a predeessor of L or is a predeessor of a projetive in Γ. 
As immediate onsequenes, we obtain the following orollary whih generalizes
results obtained in [3, (1.4)℄ and [40, (1.4)℄.
COROLLARY 1.3. Let A be an algebra, Γ be a omponent of Γ(modA) and
assume that M is a non-direting module in Γ.
(a) If Γ ontains projetive modules, then there exists a path from M to a
projetive module in Γ.
(b) If Γ ontains injetive modules, then there exists a path from an injetive
module in Γ to M .
Proof. We only prove (a) sine the proof of (b) is dual.
(a). Let M =M0
f1 //M1
f2 // · · ·
ft //Mt =M be a yle in indA. If no fi belongs to
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rad∞(modA), then this yle an be rened to a yle of irreduible morphisms in
Γ, and the result follows from [3, (1.4)℄. Otherwise, we have fi ∈ rad
∞(Mi−1,Mi)
for some Mi ∈ Γ, and it follows from (1.2) that there exists a projetive module P
in Γ and a path from Mi−1 to P . This gives a path from M to P as required. 
We also dedue from (1.2) the following generalization of [6, (1.5)℄.
COROLLARY 1.4. Let A be an algebra and Γ be a omponent of Γ(modA).
(a) If Γ ontains projetives, then RA ∩ Γ ontains only direting modules.
(b) If Γ ontains injetives, then LA ∩ Γ ontains only direting modules.
Proof. We only prove (a) sine the proof of (b) is dual.
(a). Assume that M ∈ RA ∩ Γ and ω : M ///o/o M is a yle in indA. By (1.3),
there exists a path M
ω ///o/o M ///o/o P where P is projetive. By (1.1), this path an
be rened to a setional path of irreduible morphisms. But this ontradits the
non-setionality of yles [14, 23℄. 
2. Almost laura algebras : denition and examples
We reall from [3℄ that an artin algebra A is alled laura if the set indA \
(LA ∪ RA) is nite. Sine the left and the right part generally behave well, the
spirit of laura algebras is to deal with algebras having potentially only nitely
many "unpreditable" modules. This idea behind almost laura algebras is to aept
innitely many suh modules but restrit their sope by adding a ondition on the
morphisms between them.
DEFINITION 2.1. An artin algebra is alled almost laura if rad∞(M,N) van-
ishes for all M,N ∈ indA \ (LA ∪RA).
In the vein of [5℄, we also say that an almost laura algebra is strit if it is not
quasitilted. The following proposition provides many equivalent useful onditions
for an algebra to be almost laura.
PROPOSITION 2.2. Let A be an algebra. The following are equivalent:
(a) A is almost laura.
(b) For all M ∈ indA \ LA and N ∈ indA \ RA, we have rad
∞(M,N) = 0.
() There is no innite path between modules in indA \ (LA ∪RA).
(d) There is no innite path from a module not in LA to a module not in RA.
(e) There is no innite path from an injetive module to a projetive module.
(f) There is no innite path from a module M , with pdM ≥ 2, to a module
N , with idN ≥ 2.
Proof. The equivalene of (a), (b), () and (d) follows from the fat that LA is
losed under predeessors and RA is losed under suessors.
(e) implies (f). Let M
ω ///o/o N be a path in indA, with pdM ≥ 2 and idN ≥ 2. Sine
pdM ≥ 2, we have HomA(I, τM) 6= 0 for some indeomposable injetive I and so
there exists a path ω′ : I ///o/o M in indA. Dually, there exists a path ω′′ : N ///o/o P
for some indeomposable module P . This yields a path I
ω′ ///o/o M
ω ///o/o N
ω′′ ///o/o P , whih
is nite by assumption, whene so is ω.
(f) implies (d). This learly follows from the denitions of LA and RA, sine any
path from a module not in LA to a module not in RA an be extended to a path
from a module having projetive dimension at least two to a module having injetive
dimension at least two.
(d) implies (e). Let δ : I =M0
f1 //M1
f2 // · · ·
ft //Mt = P be a path in indA from
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an injetive I to a projetive P . Assume that fi ∈ rad
∞(modA), for some 1 ≤ i ≤ t.
For any n ≥ 0, it follows from [40, (1.1)℄ that δ may be rened to a path
δ′ : I =M0 ///o/o Mi−1
h0 //N0
h1 //N1
h2 // · · ·
hn //Nn
gn //Mi ///o/o P
where gn ∈ rad
∞(modA) andNk 6= Nl whenever k 6= l. Sine there are only nitely
many modules in LA whih are suessors of an injetive by [3, (1.5)℄ (see also [25,
(3.2.6)℄), there exists n ≥ 0 suh that Nn /∈ LA. Applying the dual argument to
gn yields an innite path δ
′′ : Nn ///o/o M , with M /∈ RA, a ontradition to the
hypothesis. 
We get the following orollary as an immediate onsequene of (2.2)(e).
COROLLARY 2.3. If A is an almost laura algebra, then rad∞(I, P ) = 0 for any
injetive A-module I and projetive A-module P . 
REMARK 2.4. We stress that the onverse of the above orollary is false, as
an be easily veried with the radial square zero algebra A given by the quiver
1 // //2 // //3 ////4 .
We now gives few examples of almost laura algebras.
EXAMPLES 2.5.
(a) By [3, (3.3)℄, any laura algebra is almost laura. In partiular, so is any
representation-nite or quasitilted algebra.
(b) Let A be the algebra given by the quiver
1
β1 //
β2
//2 α
((QQ
QQQ
Q
5
3
δ1 //
δ2
//4 γ
66mmmmmm
bound by αβ2 = γδ1 = γδ2 = 0. Then Γ(modA) has the shape presented
in Fig. 1 below (where indeomposable modules are represented by their
Loewy series), where we identify both opies of the module
2
1 along the
vertial dashed line, and both opies of the module 2 along the horizontal
dashed line. The horizontal dotted lines represent the AR-translations.
One an verify that A is an almost laura algebra, but not a laura algebra.
  2
3  4 4
3 3 3
4 4 4
 3 3 
  3
  2
  5
 224
  11
  2
  1
22
11
 2 2
1 1 1
1 1
1
 4 4  4
  2
  5
  1
  2
  5
  1
  2
2224
222
  5
111
  5
222
111
 4
  5
  5
4
  2
  5
2 4
  5
  2
1
22
  5
  2
22 4
  5
1
22
1
222
11
  5
222 4
  5
11
  5
 111
  5
 24
 1
* *
* *
*
*
*
*
3 3
1 1
Figure 1. Γ(modA)
In this latter example, the algebra has been obtained by performing a one-point
extension in a hosen homogeneous tube of the Kroneher algebra formed by the
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verties 1 and 2, and by "gluing" another Kroneker algebra to the resulting ray
tube. Repeating the same proedure in another tube would result in an almost
laura algebra having two non-semiregular omponents. Sine there are innitely
many suh tubes, this shows that one an onstrut almost laura algebras having
arbitrarily many non-semiregular omponents.
We would like to propose the following problem, whih is is an analogue to
Skowro«ski's onjeture for laura algebras [39℄.
PROBLEM 1. Let A be an algebra. Are the following onditions equivalent?
(a) A is almost laura.
(b) rad∞(M,N) = 0 for all M,N ∈ indA, with pdM ≥ 2 and idN ≥ 2.
() There is no innite path between modules having both projetive and in-
jetive dimensions at least 2.
3. Those almost laura algebras whih are laura
The denition of almost laura algebras is losely related to that of laura alge-
bras. In this setion, we are interested in determining when an almost laura algebra
is laura. We reall that strit laura algebras are haraterized by the existene of
a unique non-semiregular omponent in their AR-quiver, whih is moreover quasi-
direted and faithful (see [3, 33℄). Our approah onsists in studying the behavior
of the non-semiregular omponents in the AR-quiver of almost laura algebras. As
we shall see, those omponents behave similarly as for laura algebras. We infer
some haraterizations of almost laura algebras whih are laura. Our results on the
non-semiregular omponents will also play a major role in Setion 4.
3.1. Non-semiregular omponents and almost laura algebras. We be-
gin our investigation of non-semiregular omponents over almost laura algebras
with the following key lemma, whose proof is a routine appliation of (2.2) and
(1.2). We leave the veriation to the reader.
LEMMA 3.1. An algebra is almost laura if and only if there is no innite path
from a module M lying in a omponent ontaining injetives to a module N lying
in a omponent ontaining projetives. 
As a rst appliation, we get the following orollary.
COROLLARY 3.2. Let A be an almost laura algebra. If M ∈ indA\ (LA ∪RA),
then M belongs to a non-semiregular omponent of Γ(modA).
Proof. Let M /∈ LA ∪ RA. Then there exists a path I ///o/o M ///o/o P for some
injetive module I and some projetive module P . Sine A is almost laura, this
path is nite and so I and P belong to the same omponent as M . 
We reall from [18℄ that the AR-quiver Γ(modA) of a quasitilted algebra A
generally does not ontain non-semiregular omponents, but if it does, then it
ontains a unique non-semiregular omponent Γ. Moreover, the algebra A is then
tilted and Γ is the unique onneting omponent of Γ(modA). It is well-known
that a tilted algebra always admits exatly one or two onneting omponents. On
the other hand, any strit laura algebra admits non-semiregular omponents (see
[3℄). The following proposition states that the same is true for strit almost laura
algebras.
PROPOSITION 3.3. Let A be an almost laura algebra.
(a) If Γ is a non-semiregular omponent in Γ(modA), then Γ is generalized
standard and onvex.
(b) If A is a strit almost laura algebra, then Γ(modA) ontains non-semiregular
omponents.
ALMOST LAURA ALGEBRAS 7
Proof. (a). This diretly follows from the lemma.
(b). Sine A is not quasitilted, it follows from [22, (II.1.14)℄ that there exists an
indeomposable projetive module P not lying in LA. So, there is a path from an
injetive module I to P in indA. Sine A is almost laura, the modules P and I
belong to the same omponent of Γ(modA), whih is thus non-semiregular. 
REMARK 3.4. The above result has a diret nie onsequene. In fat, a well-
known onjeture in representation theory of algebras states that if an algebraA has
a onneted AR-quiver, then A is representation-nite. Sine the AR-quiver then
onsists of a unique non-semiregular omponent, and A is representation-nite if
and only if rad∞(modA) = 0 by Auslander's theorem (see [12, (V.7.7)℄), it follows
from the above proposition that the onjeture has a positive answer for almost
laura algebras. In other words, if A is an almost laura algebra suh that Γ(modA)
is onneted, then A is representation-nite.
For the remaining part of this setion, we let A be an almost laura algebra and
Γ be a non-semiregular omponent of Γ(modA). Here and in the sequel, we also
use the following notation: if A and B are two lasses of A-modules, then we write
HomA(A,B) 6= 0 to express that there exists a non-zero morphism from a module
in A to a module in B.
The following are generalizations of [3, (4.1)℄ and [3, (4.2)℄. The proof of the
lemma follows diretly from (3.1) and it is omitted.
LEMMA 3.5. Let A and Γ be as above.
(a) Assume that I is an indeomposable injetive module suh that there exists
a path I ///o/o M with M ∈ Γ, then I belongs to Γ.
(b) Assume that P is an indeomposable projetive module suh that there
exists a path M ///o/o P with M ∈ Γ, then P belongs to Γ. 
PROPOSITION 3.6. Let A and Γ be as above, and let Γ′ be a omponent of
Γ(modA) distint from Γ.
(a) If HomA(Γ
′,Γ) 6= 0, then Γ′ ⊆ LA \ RA.
(b) If HomA(Γ,Γ
′) 6= 0, then Γ′ ⊆ RA \ LA.
() Either HomA(Γ
′,Γ) = 0, or HomA(Γ,Γ
′) = 0.
Proof. (a). Let M,M ′ ∈ Γ′, N ∈ Γ and assume that 0 6= f ∈ HomA(M,N). We
need to show that M ′ ∈ LA \RA. Clearly f ∈ rad
∞(modA). By (1.2), there exists
N ′ ∈ Γ suh that N ′ is a predeessor of a projetive P in Γ and rad∞(M,N ′) 6= 0.
Dually, there existsM ′′ ∈ Γ′ suh that M ′′ is a suessor ofM ′ or a suessor of an
injetive module in Γ′ and rad∞(M ′′, N ′) 6= 0. By (3.1), M ′′ is not a suessor of
an injetive. So there exists a path M ′ ///o/o M ′′
g //N ′ ///o/o P where g is a non-zero
morphism in rad∞(M ′′, N ′). Then M ′ ∈ LA \ RA by (1.1). So Γ′ ⊆ LA \ RA.
(b). The proof is dual to that of (a).
(). This follows diretly from (a) and (b). 
We prove in (4.7) below a stronger version of this result when A is left (or right)
supported. We onlude with an observation on semiregular omponents.
PROPOSITION 3.7. Let A be an almost laura algebra and Γ′ be a semiregular
omponent of Γ(modA).
(a) Γ′ ⊆ LA ∪RA.
(b) If Γ′ ontains injetives but no projetives, then Γ′ ⊆ RA.
() If Γ′ ontains projetives but no injetives, then Γ′ ⊆ LA.
(d) If Γ′ is regular, that is it ontains neither injetives nor projetives, then
Γ′ lies in LA \ RA, RA \ LA or LA ∩RA.
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Proof. (a). This diretly follows from (3.2).
(b). Assume that M is a module in Γ′ whih does belong to RA. By (1.1) there
exists a path δ fromM to a projetive module P . Sine P /∈ Γ′ by assumption, this
path is innite. By the dual of (1.2), there exists an innite path from an injetive
module in Γ′ to P , whih ontradits the fat that A is almost laura by (2.2).
(). The proof is dual to that of (b).
(d). In view of (a), it sues to show that if Γ′ ∩ LA 6= ∅ (or Γ′ ∩ RA 6= ∅), then
Γ′ ⊆ LA (or Γ′ ⊆ RA respetively). Assume that Γ′ ∩ LA 6= ∅ and let M,N ∈ Γ′
withM ∈ LA. If N /∈ LA, then there exists by (1.1) a path δ from N to an injetive
module I. But then, sine I /∈ Γ′, this path is innite and it follows from (1.2) that
there exists an innite path from M to I, ontraditing the fat that M ∈ LA. So
Γ′ ⊆ LA. Similarly Γ
′ ∩RA 6= ∅ implies Γ
′ ⊆ RA. 
3.2. On almost laura algebras whih are laura. In this setion, we pro-
vide neessary and suient onditions for an almost laura algebra to be laura and
also dedue new haraterizations of laura and weakly shod algebras. We begin
with the following key lemma.
LEMMA 3.8. Let A be an algebra and Γ be a generalized standard and onvex
omponent of Γ(modA). For all L,N ∈ Γ, there are only nitely many direting
modules M lying on a path L ///o/o M ///o/o N .
Proof. Let L,N ∈ Γ and assume to the ontrary that there exists an innite set of
indeomposable direting modules M = {Mλ}λ∈Λ suh that, for eah λ ∈ Λ, there
is a path L ///o/o Mλ ///o/o N in indA. SineM is innite and Γ has only nitely many
non-periodi τ -orbits by [35, (2.3)℄, there exists an orbit O of Γ with |O∩M| =∞.
Let M ∈ O and assume without loss of generality that τmM ∈ M for innitely
many m ≥ 0. Then, M is left stable. Let lΓ be the onneted omponent of the
left stable part of Γ ontaining M . It then easily follows from [18, (1.4)℄ that
lΓ ontains no yle and lΓ has only nitely many τ -orbits. Then, lΓ admits a
setion ∆ suh that lΓ is isomorphi to a full subquiver of Z∆, and is losed under
predeessors by paths of irreduible morphisms (see [26, (3.4)℄). Moreover, for any
predeessors Q,Q′ of ∆, there exist at most nitely many integers n ≥ 0 suh that
Q is a predeessor of τnQ′. However, sine there exists s ≥ 0 suh that τmM is a
predeessor of ∆ for all m ≥ s, and sine Γ is generalized standard and onvex, L
and τsM are two predeessors of ∆ suh that L is a predeessor of innitely many
τmM , with m ≥ s, a ontradition. 
PROPOSITION 3.9. Let A be an almost laura algebra. Then A satises the
following equivalent onditions:
(a) indA \ (LA ∪RA) ontains only nitely many direting A-modules.
(b) There are only nitely many indeomposable direting A-modules M with
a path I ///o/o M ///o/o P in indA where I is an injetive module and P a
projetive module.
() There are only nitely many indeomposable direting A-modules M with
a path L ///o/o M ///o/o N in indA where L /∈ LA and N /∈ RA.
Proof. We rst show the equivalene of statement (a), (b) and ().
(a) implies (b). This follows from the fat that any injetive module (or projetive
module) has only nitely many suessors (or predeessors) lying in LA (or in RA,
respetively) by [3, (1.5)℄ (see also [25, (3.2.6)℄).
(b) implies (). This follows from (1.1).
() implies (a). Assume that indA \ (LA ∪RA) ontains an innite set (Mλ)λ∈Λ of
direting modules. The set of trivial paths Mλ
id //Mλ
id //Mλ ontradits ().
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Now, assume that A is an almost laura algebra not satisfying the ondition (b).
Then, there exist an injetive I, a projetive P and innitely many direting mod-
ules M lying on a path I ///o/o M ///o/o P . By (2.2) and (3.1), all these modules,
inluding I and P , belong to a unique omponent Γ of Γ(modA). By (3.3), Γ is
generalized standard and onvex. This ontradits (3.8). 
As a onsequene, we get the following theorem:
THEOREM 3.10. The following are equivalent for an almost laura algebra A.
(a) A is laura.
(b) indA \ (LA ∪RA) ontains only nitely many non-direting modules.
() Any non-semiregular omponent of Γ(modA) is almost direted.
(d) Any non-semiregular omponent of Γ(modA) is quasi-direted.
Proof. (a) implies (b). This is obvious.
(b) implies (d). Assume that Γ is a non-semiregular omponent of Γ(modA) and
M is a non-direting module in Γ. By (1.4), M ∈ indA \ (LA ∪RA) and the laim
follows from the assumption and (3.3).
(d) implies (). This is obvious.
() implies (a). Assume that A is not laura. So indA \ (LA ∪ RA) is innite and,
by (1.1), there exist an injetive module I, a projetive module P and innitely
many modules M lying on a path I ///o/o M ///o/o P . By assumption, we may assume
that these modules are direting. Sine A is almost laura, it follows from (2.2) and
(3.1) that all these modules, inluding I and P , belong to the same omponent Γ of
Γ(modA). By (3.3), Γ is generalized standard and onvex, whih ontradits (3.8).

We get a similar haraterization of almost laura algebras whih are weakly
shod. Reall from [16℄ that an algebra A is weakly shod if and only if it is
laura and none of the non-semiregular omponents of Γ(modA) ontains yles.
Moreover, a non-semiregular omponent Γ is pip-bounded if there exists an n0
suh that any path of non-isomorphisms in indA from an injetive module in Γ to
a projetive module in Γ has length at most n0.
PROPOSITION 3.11. The following are equivalent for an almost laura algebra
A.
(a) A is weakly shod.
(b) indA \ (LA ∪RA) ontains only direting modules.
() Any non-semiregular omponent of Γ(modA) is direted.
(d) Any non-semiregular omponent of Γ(modA) is pip-bounded.
Proof. (a) implies (). This follows from the above disussion.
() implies (d). This follows from (3.3) and [25, (4.2.6)℄ (see also [40, (3.12)℄).
(d) implies (b). Assume thatM is a non-direting module in indA\ (LA∪RA). By
(1.1), there exists a path I ///o/o M ///o/o P in indA for some injetive module I and
projetive module P . Sine A is almost laura, the modules I,M and P belong to
the same omponent Γ of Γ(modA), whih is therefore non-semiregular. Obviously,
Γ is not pip-bounded, a ontradition.
(b) implies (a). By (3.10), A is laura. Now, assume that Γ is a non-semiregular
omponent of Γ(modA) ontaining a non-direting moduleM . By (1.3), there exist
an indeomposable injetive I, a projetive module P and a path I ///o/o M ///o/o P .
By non-setionality of yles [14, 23℄ and (1.1), we get M ∈ indA \ (LA ∪ RA), a
ontradition. So A is weakly shod. 
The preeding results provide new haraterizations for laura and weakly shod
algebras. We need one further lemma.
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LEMMA 3.12. Let A be an algebra suh that indA \ (LA ∪ RA) ontains only
nitely many non-direting modules. Then A is almost laura.
Proof. Assume that A is not almost laura. Then, there exist L,N /∈ LA ∪ RA
suh that rad∞(L,N) 6= 0. Invoking [25, (4.2.2)℄, there exist innitely many non-
direting modules Mλ lying on a path from L to N . Sine LA is losed under
predeessors and RA is losed under suessors, we haveMλ /∈ LA ∪RA for any λ.
This ontradits our assumption, and so A is almost laura. 
We get the following result whose proof follows from (3.10), (3.11) and (3.12).
COROLLARY 3.13. Let A be an algebra.
(a) A is laura if and only if indA \ (LA ∪ RA) ontains only nitely many
non-direting modules.
(b) A is weakly shod if and only if indA \ (LA ∪ RA) ontains only direting
modules. 
3.3. Left glued algebras revisited. A partiular lass of laura algebras is
given by the so-alled left (or right) glued algebras. Reall from [2, 3℄ that an
algebra A is alled left glued if the set indA \ RA is nite. The right glued
algebras are dened dually. The origin of their names omes from the fat that,
roughly speaking, the AR-quiver of any left glued algebra is obtained by "gluing",
on the left-hand-side of the AR-quiver of a representation-nite algebra, some AR-
omponents (without injetives) arising from tilted algebras (see [2℄ for details).
It is well-known that left (or right) glued algebras are haraterized by the
existene, in their AR-quiver, of a faithful pi-omponent (or ι-omponent respe-
tively). Reall from [15℄ that an AR-omponent Γ is alled a pi-omponent (or
a ι-omponent) provided all but nitely many modules in Γ are direting and lie
in the τ -orbit of a projetive (or an injetive, respetively). We refer to [5, 27℄ for
more details onerning left (or right) glued algebras.
The aim of this setion is to show that, although laura and almost laura algebras
dier from many points of view, the "left glued" and "right glued" versions for
almost laura algebras oinide with the usual left and right glued algebras arising
from laura algebras.
THEOREM 3.14. Let A be an algebra.
(a) A is left glued if and only if rad∞(M,N) = 0 for all M,N ∈ indA \ RA.
(b) A is right glued if and only if rad∞(M,N) = 0 for all M,N ∈ indA \LA.
Proof. We only prove (a) sine the proof of (b) is dual.
(a). The neessity learly follows from the denition of left glued algebras and
[40, (1.1)℄, for instane. Conversely, assume that rad∞(M,N) = 0 for all M,N ∈
indA \ RA. If indA = RA, then there is nothing to prove. Otherwise, let M ∈
indA \ RA and Γ be the AR-omponent ontaining M . We show that Γ is a
faithful pi-omponent. Let P be an indeomposable projetive module suh that
Hom(P,M) 6= 0. Sine M /∈ RA, we have P /∈ RA. It then follows from our
hypothesis that rad∞(P,M) = 0, and so P lies in Γ. So Γ ontains projetive
modules. We laim that Γ ontains all projetive modules. Indeed, if this is not that
ase, then there exist a projetive module P in Γ and a projetive module P ′ not
in Γ suh that rad∞(P, P ′) 6= 0 or rad∞(P ′, P ) 6= 0. Assume that rad∞(P, P ′) 6= 0.
Then, sine there are only nitely many predeessors of P ′ lying in RA by [3,
(1.5)℄ and [25, (3.2.6)℄, it follows from [40, (1.1)℄, for instane, that there exists a
predeessor N of P ′ suh that N /∈ RA but rad
∞(P,N) 6= 0, whih ontradits our
hypothesis. The same argument shows that rad∞(P ′, P ) 6= 0. So Γ ontains all
indeomposable projetive modules. In partiular, Γ is faithful. Moreover, we have
rad∞(−,Γ) = 0. Indeed, assume that rad∞(M ′, N ′) 6= 0 for some indeomposables
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M ′, N ′ with N ′ ∈ Γ. Then, invoking (1.2), and realling that there exist only nitely
many predeessors of a projetive module in RA, there exists a projetive module
P ′′ in Γ and an indeomposable module M ′′ /∈ RA suh that rad
∞(M ′′, P ′′) 6= 0.
This ontradits our assumption. Hene rad∞(−,Γ) = 0, and Γ is a pi-omponent
by [27, (2.1)-(2.3)℄. Sine Γ is also faithful, then A is left glued. 
4. Supported almost laura algebras
As pointed out in the disussion following (2.5), the AR-quivers of almost laura
algebras usually have many non-semiregular omponents. It is also easy to onstrut
examples of almost laura algebras having multioils (in the sense of [10℄). With
this in mind, it seems that the general shape of the AR-quiver of an almost laura
algebra is not easy to desribe. In this setion, we propose to study the AR-quiver
of left (or right) supported almost laura algebras [6℄.
Informally, left (or right) supported algebras A are those whose left (or right)
part "behaves well". For instane, any strit laura algebra is left and right supported
by [6, (4.4)℄. This is however not true for almost laura algebras, as we will see, and
this additional assumption will be very useful in our attempt to desribe their AR-
quivers. The main result of this setion is an analogue to the results of [33, (3.1)℄
and [25, (4.2.5)℄ for laura algebras and states that if A is left (or right) supported,
then A is almost laura if and only if its AR-quiver has a generalized standard,
onvex and faithful omponent (see (4.9)).
Here, we reall basi features needed in the subsequent developments. For a
full aount, we refer to [6, 5℄. By [13℄, a full subategory C of modA is on-
travariantly nite if for any N ∈ modA, there exists a morphism fC :MC //N ,
with MC ∈ C, suh that any morphism f :M //N , with M ∈ C, fators through
fC . The dual notion is that of a ovariantly nite subategory. Following [6℄, an
artin algebra A is alled left supported in ase addLA is ontravariantly nite in
modA. We dene dually the right supported algebras. In what follows, the dual
statements for right supported algebras hold as well. We refrain from stating them.
In order to have a better desription of left supported algebras, we dene,
following [6℄, two sublasses of LA :
E1 = { M ∈ LA | there exists an injetive I and a path of irreduible
morphisms I ///o/o M }, and
E2 = { M ∈ LA \ E1 | there exists a projetive P /∈ LA and a path of
irreduible morphisms P ///o/o τ−1M }.
Moreover, we set E = E1∪E2. We also denote by E the diret sum of all indeompos-
able A-modules lying in E and by F the diret sum of a full set of representatives of
the isomorphism lasses of indeomposable projetive A-modules not lying in LA.
Finally, we set T = E⊕F . The following summarizes some haraterizations of left
supported algebras, as stated and proved in [6, (Theorem A)℄ and [1, (Setion 8)℄.
THEOREM 4.1. Let A be an algebra. The following are equivalent:
(a) A is left supported.
(b) addLA oinides with the set CogenE of A-modules ogenerated by E.
() T = E ⊕ F is a tilting A-module.
(d) Every morphism f :M //N in indA, with M ∈ LA and N /∈ LA fators
through addE. 
REMARK 4.2. Strit almost laura algebras are not left supported in general.
Indeed, for the almost laura algebra of (2.5)(b), it is easily veried that T = 443 ⊕
4 ⊕
5
24
1
. Sine T admits less indeomposable diret summands than the number
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of non-isomorphi simple modules, T is not a tilting module. So A is not left
supported by the above theorem.
We begin the study of left supported almost laura algebras with the following
lemma. In the sequel, we write M ∈pN to express that an A-module M is a diret
summand of an A-module N .
LEMMA 4.3. Let A be an almost laura algebra. If M ∈p T , then the omponent
ontaining M also ontains injetive modules.
Proof. If M ∈ E1, this is lear. If M ∈ E2, then there is a projetive module
P /∈ LA and a path of irreduible morphism P ///o/o τ−1M . Sine P /∈ LA, it follows
from (1.1) that there is an injetive module I and a path I ///o/o P . Sine A is almost
laura, I, P and N belong to the same omponent of Γ(modA) by (2.2). Finally,
if M ∈pF , then M is a projetive module not in LA. A repetition of the above
argument leads to the result. 
As a onsequene, we obtain the following very useful result.
PROPOSITION 4.4. Let A be a left supported almost laura algebra.
(a) If A is quasitilted, then A is tilted and there exists a onneting omponent
Γ of Γ(modA) ontaining every indeomposable diret summand of T . In
partiular, Γ is faithful.
(b) If A is not quasitilted, then Γ(modA) has a unique non-semiregular om-
ponent Γ. Moreover, Γ ontains every indeomposable diret summand of
T and is faithful.
Proof. (a). If A is quasitilted, then A is tilted having E as omplete slie by [40,
(3.8)℄. Sine F = 0 in this ase, the result follows at one.
(b). If A is not quasitilted, let Γ be a non-semiregular omponent (see (3.3)(b)).
Then, T admits an indeomposable diret summand in Γ. Indeed, let P be a
projetive module in Γ. If P /∈ LA, then P ∈pF , and we are done. Otherwise,
P ∈ LA, and sine Γ ontains injetive modules, we have Γ ∩ E 6= ∅ by [6, (3.5)℄.
We now show that Γ ontains all indeomposable diret summands of T . Indeed, if
this is not the ase, then there exists suh a summand T ′ of T with rad∞(Γ, T ′) 6= 0
or rad∞(T ′,Γ) 6= 0 (sine EndA T is onneted). Sine the omponent ontaining
T ′ ontains injetive modules by (4.3), we have rad∞(T ′,Γ) = 0 by (3.1). So
rad∞(Γ, T ′) 6= 0. Applying (3.6), we get T ′ ∈ RA \LA, and so T ′ ∈pF . But then T ′
is projetive and we get a ontradition to (3.1). This proves our laim. Finally, Γ
is faithful sine so is T . 
COROLLARY 4.5. Let A be a left supported almost laura algebra. Assume that
Γ is a non-semiregular omponent of Γ(modA) and M ∈ indA.
(a) LA ∩RA is nite and lies in Γ.
(b) If M /∈ LA ∪RA, then M ∈ Γ.
() If M /∈ Γ, then M ∈ LA \ RA or M ∈ RA \ LA.
Proof. (a). Let M ∈ LA ∩RA, and assume that M /∈ Γ. Sine M ∈ CogenE and
E ⊆ Γ, we have HomA(M,Γ) 6= 0. By (3.6), we obtain M /∈ RA, a ontradition.
Now, assume to the ontrary that LA ∩ RA is innite. Sine Γ has only nitely
many non-periodi τ -orbits by [35, (2.3)℄, there exists a τ -orbit O of Γ suh that
|O ∩ (LA ∩ RA)| = ∞. Let M ∈ O and assume, without loss of generality, that
τmM ∈ LA ∩RA for innitely many m ≤ 0. Then, M is right stable and it follows
from [16, (1.1)℄ that there exists n ≤ 0 suh that τnM is a suessor of an injetive
module in Γ. By (1.1), we have τn−1M /∈ LA. But this ontradits our assumption
on M . So LA ∩RA is nite.
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(b). This follows from (3.7)(a).
(). This follows from (a) and (b). 
This yields the following struture results.
LEMMA 4.6. Let A be a left supported almost laura algebra. Assume that Γ is a
non-semiregular omponent of Γ(modA). Let M ∈ indA. If M /∈ Γ, then
(a) HomA(M,Γ) 6= 0 if and only if M ∈ LA \ RA.
(b) HomA(Γ,M) 6= 0 if and only if M ∈ RA \ LA.
() Either HomA(M,Γ) 6= 0 and HomA(Γ,M) = 0, or HomA(M,Γ) = 0 and
HomA(Γ,M) 6= 0.
Proof. (a). Sine the neessity follows from (3.6), assume that M ∈ LA \ RA.
Sine M ∈ LA ⊆ CogenE and E ⊆ Γ, we have HomA(M,Γ) 6= 0.
(b). Sine the neessity follows from (3.6), assume that M ∈ RA \ LA. Let P
be an indeomposable projetive module suh that there exists a non-zero mor-
phism pi : P //M . If P ∈ LA, then pi fators through addE by (4.1) and so
HomA(Γ,M) 6= 0 sine E ⊆ Γ by (4.4). Otherwise, P ∈pF , and so P ∈ Γ. Conse-
quently, HomA(Γ,M) 6= 0.
(). By (4.5), we have M ∈ LA \ RA or M ∈ RA \ LA. The result then follows
from (a) and (b). 
THEOREM 4.7. Let A be a left supported almost laura algebra. Assume that
Γ is a non-semiregular omponent of Γ(modA). Let Γ′ 6= Γ be a omponent of
Γ(modA).
(a) HomA(Γ
′,Γ) 6= 0 if and only if Γ′ ⊆ LA \ RA.
(b) HomA(Γ,Γ
′) 6= 0 if and only if Γ′ ⊆ RA \ LA.
() Either HomA(Γ
′,Γ) 6= 0 and HomA(Γ,Γ′) = 0, or HomA(Γ′,Γ) = 0 and
HomA(Γ,Γ
′) 6= 0.
In partiular, Γ is the unique faithful omponent of Γ(modA).
Proof. (a). Sine the neessity follows from (3.6), assume that Γ′ ⊆ LA \ RA.
Let M ∈ Γ′. By (4.6), we have HomA(M,Γ) 6= 0 and so HomA(Γ
′,Γ) 6= 0.
(b). The proof is similar to that of (a) and is left to the reader.
(). Let M ∈ Γ′. By (4.6), we have HomA(Γ′,Γ) 6= 0 or HomA(Γ,Γ′) 6= 0. The
result then follows from (a) and (b).
Finally, observe that Γ is faithful by (4.4) and that if Γ′ was another faithful om-
ponent, then we would have HomA(Γ,Γ
′) 6= 0 and HomA(Γ′,Γ) 6= 0. 
REMARK 4.8. Under the assumptions of (4.7) the omponent Γ indues a tri-
setion in the family of AR-omponents (in the sense of [31℄) : there are the om-
ponents lying in LA \ RA, those lying in RA \ LA and Γ. Also, any omponent Γ′
in LA \ RA maps non-trivially to Γ, whih maps non-trivially to any omponent
Γ′′ in RA \LA. In addition, with these notations, it follows from (4.1)(d) and (4.4)
that any morphism from Γ′ to Γ′′ fators through Γ. Moreover, by [6, (5.5)℄, any
omponent lying in LA \RA has no injetives and is either a postprojetive ompo-
nent, a semiregular tube, a omponent of the form ZA∞ or a ray extension of ZA∞.
Numerous important families of algebras aept a trisetion of its module ategory,
notably the tilted algebras, the quasitilted algebras, the weakly shod algebras and
the laura algebras.
We an now prove the main result of this setion, whih is a haraterization
of left supported almost laura algebras.
THEOREM 4.9. Let A be a left supported algebra. Then A is almost laura if and
only if Γ(modA) has a generalized standard, onvex and faithful omponent.
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Proof. The neessity follows from (4.4), (3.3) and the fat that any onneting
omponent is generalized standard and onvex. Conversely, assume that Γ is a
generalized standard, onvex and faithful omponent in Γ(modA). In addition,
assume that I ///o/o P is a path in indA, with I injetive and P projetive. Sine Γ is
faithful, there exist M,N ∈ Γ and a path of the form M //I ///o/o P //N Sine Γ
is onvex, then every module on this path belongs to Γ. Now, Γ being generalized
standard, this path is nite. So A is almost laura by (2.2). 
At this point, we stress that the assumption of being left supported was unne-
essary to prove the suieny. We then dedue the following orollary.
COROLLARY 4.10. Let A be an algebra and assume that Γ is a generalized
standard and onvex omponent of Γ(modA). The algebra B = A/ annΓ is almost
laura, where annΓ = {a ∈ A | aM = 0 for eah M ∈ Γ}.
Proof. Clearly Γ is a faithful omponent of Γ(modB). In addition, sine modB
is a full subategory of modA, then Γ is generalized standard and onvex as a
omponent of Γ(modB). The result then follows from (4.9). 
The above orollary shows the importane of identifying the generalized stan-
dard and onvex omponents. In the vein of [40, 25℄, we then state the following
result whose proof, left to the reader, easily follows using (1.2).
PROPOSITION 4.11. Let A be an algebra and Γ be a omponent in Γ(modA).
Then Γ is generalized standard and onvex if and only if any path onneting two
modules in Γ is nite. In addition,
(a) If Γ is non-semiregular, then this is the ase if and only if any path from
an injetive in Γ to a projetive in Γ is nite.
(b) If Γ is semiregular, then this is the ase if and only if any yle M ///o/o M ,
with M ∈ Γ, is nite. Moreover,
(i) if Γ ontains injetives but no projetives, then this ours if and only
if any path from an injetive in Γ to a module in Γ is nite;
(ii) if Γ ontains projetives but no injetives, then this ours if and only
if any path from a module in Γ to a projetive in Γ is nite. 
If A is strit almost laura, then the generalized standard, onvex and faithful
omponent of (4.9) is non-semiregular. Sine, by [33, (3.1)℄, an algebra A whih is
not quasitilted is laura if and only if Γ(modA) has a non-semiregular faithful and
quasi-direted omponent, this motivates the following problem.
PROBLEM 2. Let A be a left supported strit almost laura algebra and Γ be the
unique non-semiregular omponent of Γ(modA). Is Γ almost direted?
Sine strit laura algebras are left and right supported, a positive answer would
show that, for a strit almost laura algebra A, the following are equivalent:
(a) A is left supported.
(b) A is right supported.
() A is laura.
We end this setion with a disussion of the ase where LA is nite, that is
ontains only nitely many objets.
PROPOSITION 4.12. Let A be an almost laura algebra suh that LA is nite.
Then Γ(modA) admits a faithful non-semiregular pi-omponent Γ. In partiular,
rad∞(−,Γ) = 0 and A is left glued.
Proof. We an learly assume that A is representation-innite. Moreover, observe
that A is left supported sine LA is nite, and let Γ be the (faithful) omponent of
(4.4). Sine LA is nite and Γ is generalized standard, we have rad
∞(−,Γ) = 0 by
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(4.7). In partiular, Γ ontains projetive modules, and so Γ is non-semiregular by
(3.7). Then Γ is a pi-omponent by [27, (2.1)-(2.3)℄. Hene A is left glued. 
PROPOSITION 4.13. Let A be an almost laura algebra. Then LA and RA are
nite if and only if A is representation-nite.
Proof. It learly sues to prove the neessity. If A is quasitilted, then there
is nothing to show sine indA = LA ∪ RA by [22, (II.1.13)℄. So, let A be a strit
almost laura algebra and Γ be a non-semiregular omponent as in (3.3)(b). By
(4.12) and its dual, we have rad∞(−,Γ) = 0 = rad∞(Γ,−). So rad∞(modA) = 0
and A is representation-nite by [12, (V.7.7)℄. 
5. Full subategories, split-by-nilpotent extensions and skew group
algebras
Starting with an algebra A, it is frequent in the representation theory of artin
algebras to onsider natural onstrutions giving rise to a new algebra B. It is then
natural to ask whih properties of modA arry over modB and onversely. In this
nal setion, we onsider three dierent suh situations and show that almost laura
algebras behave well with respet to those.
5.1. Full subategories. We onsider the following problem. Let A, B be
artin algebras suh that B is a onneted full subategory of A. We hoose an
idempotent e ∈ A so that B = eAe. Let P = Ae be the orresponding pro-
jetive A-module. We denote by presP the full subategory of modA formed
by the P -presented modules, that is the A-modules M for whih there ex-
ists an exat sequene, of the form P1 //P0 //M //0 , with P0, P1 in addP .
By [12, (II.2.5)℄, the funtor HomA(P,−) : modA // modB indues an equiv-
alene presP ∼= modB, under whih diret summands of P orrespond to the
projetive B-modules. In addition, by [4, (2.1)℄, its left inverse is P ⊗B − :
modB // presP ⊆ modA , that is if X is a B-module, then the A-module P⊗BX
is P -presented and HomA(P, P ⊗B X) ∼= X , funtorially.
It is shown in [4℄ that B is laura (or weakly shod, or left glued) whenever so is
A. The following enlarges this result to almost laura algebras.
PROPOSITION 5.1. Let A be an algebra and e be an idempotent in A suh that
B = eAe is onneted. If A is almost laura, then so is B.
Proof. Assume that f : X //Y is a morphism in indB, with X,Y /∈ LB ∪RB .
The funtor P⊗B− gives a morphism P⊗Bf : P ⊗B X //P ⊗B Y , where P⊗BX
and P ⊗B Y do not lie in LA ∪RA. Indeed, if, for instane, P ⊗B X ∈ LA ∪ RA,
then X ∼= HomA(P, P ⊗B X) ∈ LB ∪RB by [4, (2.3)℄, a ontradition. Now, sine
A is almost laura, we have P ⊗B f /∈ rad
∞(modA), and then f /∈ rad∞(modB)
sine HomA(P,−) : presP // modB is an equivalene. So B is almost laura. 
REMARK 5.2. We may ask whether an artin algebra A is almost laura provided
eAe is almost laura for any idempotent e 6= 1 of A. The answer is negative, and
an be easily veried on the algebra of (2.4).
5.2. Split-by-nilpotent extensions. We now onsider another onstrution.
Informally, if one an roughly think of taking full subategories as "deleting points",
the onstrution we now outline an be thought of as "deleting arrows".
Let A and B be artin algebras and let Q be a nilpotent ideal of A (that is,
Q ⊆ radA). Following [8℄, we say that A is a split-by-nilpotent extension of
B by Q if there exists a split surjetive algebra morphism A //B with kernel Q.
For instane, if Q2 = 0, then the above denition oinides with that of the trivial
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extension of B by Q. Another example is that of one-point extension. For further
examples, we refer the reader to [11℄.
We onsider the hange of rings funtors A ⊗B − : modB // modA and
B ⊗A − : modA // modB . The image of the funtor A ⊗B − in modA is alled
the ategory of indued modules. We have the obvious natural isomorphism B⊗A
A⊗B − ∼= 1modB.
In is shown in [11℄ that if A is laura (or weakly shod, or left glued), then so is
B. The same result holds for almost laura algebras.
PROPOSITION 5.3. Let A be a split-by-nilpotent extension of B by Q. If A is
almost laura, then so is B.
Proof. Assume that f : X //Y is a morphism in indB, with X,Y /∈ LB ∪RB .
The funtor A⊗B− gives a morphism of indued indeomposable A-modules A⊗B
f : A⊗B X //A⊗B Y . Moreover, A ⊗B X and A ⊗B Y do not lie in LA ∪ RA
by [11, (2.3)℄. Sine A is almost laura, we have A⊗B f /∈ rad
∞(modA), and then
f /∈ rad∞(modB) sine B ⊗A − indues an equivalene between modB and the
indued modules in modA. Thus B is almost laura. 
5.3. Skew group algebras. The nal onstrution we onsider is that of
skew group algebras. We are mainly motivated by the fat that skew group algebras
generally retain most features from the algebras they arise, espeially onerning
homologial properties. The study of the representation theory of skew group alge-
bras was started in [32, 30℄, and more reently pursued in [21, 7, 19℄. We reall
the relevant denitions and refer the reader to [32, 12, 7℄ for details.
Let A be an artin k-algebra and G be a group with identity e. We say that G
ats on A if there is a funtion G×A //A , (σ, a)  //σ(a) , suh that:
(a) For eah σ in G, the morphism σ : A //A is an algebra automorphism;
(b) (σ1σ2)(a) = σ1(σ2(a)) for all σ1, σ2 ∈ G and a ∈ A;
() e(a) = a for all a ∈ A.
Suh an ation indues an ation of G on modA as follows : for anyM ∈ modA
and σ ∈ G, let σM be the A-module with the additive struture of M and with the
multipliation a ·m = σ−1(a)m, for a ∈ A and m ∈ M . This allows to dene an
automorphism
σ(−) : modA // modA for eah σ ∈ G, where σf : σM //σN is
dened by m  //f(m) for f ∈ HomA(M,N) and m ∈M (see [7, (4.1)℄).
Suppose that G ats on A. The skew group algebra A[G] has as underlying
A-module struture the free left A-module having as basis all elements in G, and
is endowed by the multipliation (aσ)(bς) = aσ(b)σς for all a, b ∈ A and σ, ς ∈ G.
Observe that A[G] is generally not onneted and basi, but this will not play any
role in the sequel.
The main aim of this setion is to show that if A is an algebra and G is a nite
group ating on A and suh that its order is invertible in A, then A is almost laura
if and only if so is A[G] (see (5.11)). It is well-known that similar results hold for
tilted, quasitilted, weakly shod and laura algebras (see [7, (1.2)℄). As we shall see,
the tehniques used in the proof will also result in analogue statements for algebras
having nilpotent innite radial and yle-nite algebras (see (5.12)).
Throughout this setion, we assume that G is a nite group ating on A and
whose order is invertible in A. Then, the natural inlusion of A in A[G] indues
the hange of rings funtors F := A[G] ⊗A − : modA // modA[G] and H :=
HomA[G](A[G],−) : modA[G] // modA . We reall the following useful result
from [32, (1.1)℄.
THEOREM 5.4. Let A and G be as above. Then
(a) (F,H) and (H,F ) are two adjoint pairs of funtors.
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(b) (i) The unit ε : idmodA //HF of the adjoint pair (F,H) is a setion of
funtors.
(ii) The ounit η : FH // idmodA[G] of the adjoint pair (F,H) is a re-
tration of funtors. 
We refer to [32, (1.1)℄ for the details. Moreover, in the sequel, we shall use
the following notations. We denote by φ : HomA[G](F (−), ?) // HomA(−, H(?))
the natural equivalene assoiated to the adjoint pair (F,H). On the other hand,
we denote by ψ : HomA(H(?),−) // HomA[G](?, F (−)) the natural equivalene
assoiated to the adjoint pair (H,F ). Finally, we let µ and ρ be the unit and ounit
of this adjoint pair.
With these notations, we have (see [28, (p. 118)℄, for instane) the following
useful lemma.
LEMMA 5.5. Let M be an A-module and X be an A[G]-module.
(a) If f ∈ HomA[G](F (M), X), then φ(f) = H(f) ◦ εM .
(b) If f ∈ HomA(M,H(X)), then φ
−1(f) = ηX ◦ F (f).
() If f ∈ HomA(H(X),M), then ψ(f) = F (f) ◦ µX .
(d) If f ∈ HomA[G](X,F (M)), then ψ
−1(f) = ρM ◦H(f). 
We reall that given two ategories C and D, a funtor F : C //D is alled
a radial funtor if, for any objets M,N in C, we have F(radC(M,N)) ⊆
radD(F(M),F(N)). For instane, any full funtor is radial.
PROPOSITION 5.6. The funtors F and H are radial funtors.
Proof. We rst show that F is a radial funtor. Let M,N be indeomposable
A-modules and let f ∈ radA(M,N). Now, assume to the ontrary that F (f) /∈
radA[G](F (M), F (N)). So, there exist an indeomposable A[G]-module X together
with a setion ι : X //F (M) and a retration pi : F (N) //X suh that the
omposition pi ◦ F (f) ◦ ι is an isomorphism. Denote by ω the left inverse of ι.
Applying H gives a ommutative diagram:
H(X)
H(ι)
// H(F (M))
H(ω)
oo
H(F (f))
// H(F (N))
H(pi)
// H(X)
M
φ(ω)
hhQQQQQQQQQQQQQ
εM
OO
f // N
εN
OO
φ(pi)
66mmmmmmmmmmmmm
where the rst row is an isomorphism, H(ω) ◦ εM = φ(ω) and H(pi) ◦ εN = φ(pi)
by (5.5)(a) and εN ◦ f = H(F (f)) ◦ εN by (5.4)(b). Sine φ is a bijetion and
ω 6= 0, we have φ(ω) 6= 0. It then follows from the indeomposability of M that
H(ι) ◦ φ(ω) = εM and so φ(ω) is a setion. Therefore, we have
φ(pi) ◦ f = H(pi) ◦ εN ◦ f = H(pi) ◦H(F (f)) ◦ εM = H(pi) ◦H(F (f)) ◦H(ι) ◦ φ(ω).
Sine H(pi)◦H(F (f))◦H(ι) is an isomorphism and φ(ω) is a setion, then φ(pi)◦ f
is a setion. In partiular, f is a setion, a ontradition sine N is indeomposable.
So F (f) ∈ radA[G](F (M), F (N)) and F is a radial funtor. Using (5.5)(b) and the
fat that η is a retration of funtors, one an show in a similar way that H is also
a radial funtor. 
Sine almost laura algebras are dened in terms of the behavior of their innite
radials, the knowledge of eah power of the radial is rather important. As a
onsequene of the above proposition, we now show that the maps φ and ψ an be
used to relate the dierent powers of the radials of modA and modA[G].
PROPOSITION 5.7. Let A and G be as above. Let n ≥ 1, M be an A-module
and X be an A[G]-module. Then,
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(a) φ(radnA[G](F (M), X)) = rad
n
A(M,H(X));
(b) ψ(radnA(H(X),M)) = rad
n
A[G](X,F (M)).
Proof. We only prove (a) sine the proof of (b) is similar.
(a). Assume that f ∈ radnA[G](F (M), X), and let F (M) = Y0, Y1, . . . , Yn = X and
fi ∈ radA[G](Yi−1, Yi), with 1 ≤ i ≤ n − 1, be suh that f = fnfn−1 · · · f1. Then,
by (5.5)(a), we have
φ(f) = H(f) ◦ εM = H(fn) ◦ · · · ◦H(f1) ◦ εM .
Sine H is a radial funtor by (5.6), we have H(fi) ∈ radA(H(Yi−1), H(Yi)) for
eah i. So φ(f) ∈ radnA(M,H(X)). Similarly, if h ∈ rad
n
A(M,H(X)), then φ
−1(h) ∈
radnA[G](F (M), X). The result follows. 
The following two orollaries are generalizations of [7, (4.4)℄ and [7, (4.6)℄
respetively. But rst, we need to reall from [7, (4.3)℄ that if X is an indeom-
posable A[G]-module, then there exists an indeomposable A-module M suh that
M ∈pH(X) and X ∈pF (M).
COROLLARY 5.8. Let n ≥ 1 and M,N be indeomposable A-modules suh that
radnA(M,N) 6= 0.
(a) For any diret summand X of F (M), we have radnA[G](X,F (N)) 6= 0;
(b) For any diret summand Y of F (N), we have radnA[G](F (M), Y ) 6= 0.
Proof. We only prove (a) sine the proof of (b) is similar.
(a). By [32, (1.8)℄, we have an indeomposable deomposition F (M) ∼= ⊕mi=1Xi in
modA[G] suh that H(Xi) ∼= ⊕σ∈Gi
σM for some Gi ⊆ G. In addition, for eah i,
and eah γ ∈ G, there exists σ ∈ Gi with γM ∼= σM . In partiular, we an assume
that M ∈pH(Xi) for eah i. We need to show that rad
n
A(Xi, F (N)) 6= 0 for eah i
and, by (5.7)(b), it is suient to show that radnA(H(Xi), N) 6= 0. Sine M is a
diret summand of H(Xi) for eah i, this is learly the ase. 
COROLLARY 5.9. Let n ≥ 1 and X,Y be indeomposable A[G]-modules suh
that radnA[G](X,Y ) 6= 0. Then, for all indeomposable A-modules M,N suh that
X ∈pF (M) and Y ∈pF (N), there exists σ ∈ G suh that radnA(M,
σN) 6= 0.
Proof. Let M and N be as in the statement. Then, by hypothesis, we have
radnA[G](F (M), F (N)) 6= 0, and thus rad
n
A(M,H(F (N))) 6= 0 by (5.7). Sine on the
other hand we have H(F (N)) ∼= ⊕σ∈G σN by [32, (1.8)℄, there exists σ ∈ G with
radnA(M,
σN) 6= 0. 
We also get the following orollary, whih omplements [7, (4.5)(4.7)℄.
COROLLARY 5.10. (a) Let M0
f1 //M1
f2 // · · ·
ft //Mt be a path in indA,
with fi ∈ rad
ni
A (Mi−1,Mi) for eah i. For any indeomposable X0 ∈pF (M0),
there exists a path X0
g1 //X1
g2 // · · ·
gt //Xt in indA[G] with Xi ∈pF (Mi),
Mi ∈pH(Xi) and gi ∈ rad
ni
A[G](Xi−1, Xi) for eah i.
(b) Let X0
g1 //X1
g2 // · · ·
gt //Xt be a path in indA[G], with gi ∈ rad
ni
A[G](Xi−1, Xi)
for eah i. For any indeomposable M0 suh that X0 ∈pF (M0), there exist
σ1, σ2, . . . , σt ∈ G and a path M0
f1 // σ1M1
f2 // · · ·
ft // σtMt in indA with
Mi ∈pH(Xi), Xi ∈pF (Mi) and fi ∈ rad
ni
A (
σi−1Mi−1,
σiMi) for eah i.
Proof. (a). Sine X0 ∈pF (M0) and rad
n1
A (M0,M1) 6= 0, it follows from (5.8) that
radn1A (X0, F (M1)) 6= 0. Hene there exists an indeomposable X1 ∈pF (M1) with
radn1A (X0, X1) 6= 0. The result follows from an obvious indution. Observe that
Mi ∈pH(Xi) for eah i by the proof of (5.8).
(b). Let M0,M1 be indeomposable A-modules suh that Xi ∈pF (Mi), for i = 1, 2.
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By (5.9), there exists σ1 ∈ G suh that rad
n1
A (M0,
σ1M1) 6= 0. Similarly, there exists
an indeomposableM2 suh that X2 ∈pF (M2) together with an element σ′2 ∈ G suh
that radn2A (M1,
σ′2M2) 6= 0. Applying the automorphism σ1 (−) : modA // modA
we obtain radn2A (
σ1M1,
σ2M2) 6= 0, where σ2 = σ1σ′2. The result now follows from
an obvious indution. Observe that Mi ∈pH(Xi) for eah i by the proof of (5.8). 
We are now ready to prove the main result of this setion.
THEOREM 5.11. Let A be an algebra and G be a nite group ating on A and
whose order is invertible in A.
(a) A is almost laura if and only if so is A[G].
(b) A is strit almost laura if and only if so is A[G].
Proof. (a). Assume that A is almost laura and let X
g //Y be a morphism
in indA[G], with X,Y /∈ LA[G] ∪ RA[G] and g ∈ rad
n
A[G](X,Y ). By (5.10)(b),
there exist σ ∈ G and a morphism M
f //σN in indA with f ∈ radnA(M,
σ N). In
addition, by [7, (5.1)(5.3)℄, we have M,σ N /∈ LA ∪ RA. Sine A is almost laura,
f does not belong to rad∞(modA), and so g does not belong to rad∞(modA[G]).
Hene A[G] is almost laura. The onverse is proven in the same way, using (5.10)(a)
instead of (5.10)(b).
(b). This follows from (a) and [22, (III.1.6)℄. 
Our work on the innite radial arries onsequenes on other lasses of al-
gebras, for instane on yle-nite algebras and algebras having nilpotent innite
radial. Reall from [9℄ that an algebra A is yle-nite if no yle in indA
ontains morphisms in rad∞(modA). Examples of yle-nite algebras are all
representation-nite algebras, tame tilted algebras [34℄, tubular algebras [34℄, iter-
ated tubular algebras [29℄, and multioil algebras [10℄. It is known (see [9℄) that
every yle-nite algebra is of tame representation type.
On the other hand, given an algebra A, it is important to study the nilpo-
teny of the innite radial of modA in order to understand the omplexity of
modA. This has been onsidered, for instane, in [17, 24, 3℄. More preisely,
we say that rad∞(modA) is nilpotent if there exists an integer n ≥ 1 suh that
(rad∞(modA))n = 0. Suh a minimal integer n is then alled the index of nilpo-
teny of rad∞(modA).
We have the following result.
PROPOSITION 5.12. Let A be an algebra and G be a nite group ating on A
and whose order is invertible in A.
(a) The innite radial of modA is nilpotent if and only if so is the in-
nite radial of modA[G] and, in this ase, they have the same index of
nilpoteny.
(b) A is yle-nite if and only if so is A[G].
Moreover, in this ase, A is domesti if and only if so is A[G].
Proof. (a). Assume that there exists an integer n ≥ 1 suh that (rad∞(modA))n =
0 but (rad∞(modA[G]))n 6= 0 Thus, there exists a path X0
g1 //X1
g2 // · · ·
gn //Xn
in indA[G] suh that gi ∈ rad
∞
A[G](modA[G]) for eah i and g = gn · · · g2g1 6= 0.
Now, sine H is faithful by (5.4)(b)(ii) and a radial funtor by (5.6), we have
0 6= H(g) ∈ (rad∞A (modA))
n
, a ontradition. So (rad∞A[G](modA[G]))
n = 0. The
onverse is proven in the same way, using F and invoking (5.4)(b)(i) instead of
(5.4)(b)(ii).
(b). Assume that A is yle-nite and let X = X0
g1 //X1
g2 // · · ·
gt //Xt = X be a
yle in indA[G], with gi ∈ rad
ni
A[G](Xi−1, Xi) for eah i. By (5.10)(b), there exist
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σ1, σ2, . . . , σt ∈ G and a path of the form δ : M0
f1 // σ1M1
f2 // · · ·
ft // σtMt , in
indA, with fi ∈ rad
ni
A[G](
σi−1Mi−1,
σi Mi) for eah i. Moreover, by [32, (1.8)℄, we
have
σM0 ∼= Mt for some σ ∈ G and thus
σσtM0 ∼=
σtMt. Let τ = σσt and m be
the order of τ in G. Applying repeatedly the funtor τ (−) : modA // modA on
δ yields a yle
M0
δ ///o/o/o τM0
τδ ///o/o/o τ2M0
τ2δ ///o/o/o · · ·
τmδ ///o/o/o τmM0 =M0
Sine A is yle-nite, no morphism in δ belongs to rad∞(modA), and so no gi
belongs to rad∞(modA[G]). Hene A[G] is yle-nite.
On the other hand, assume that A[G] is yle-nite and let
M =M0
g1 //M1
g2 // · · ·
gt //Mt =M
be a yle in indA, with gi ∈ rad
ni
A (Mi−1,Mi) for eah i. Let F (M) = ⊕
m
j=1Xj
be an indeomposable deomposition in modA[G]. Then, for eah j, there exists
by (5.10)(a) a path in indA[G] of the form δj : Xj ///o/o Xsj with 1 ≤ sj ≤ m
ontaining at least one morphism in radni
A[G](modA[G]) for eah 1 ≤ i ≤ t. Let
s : {1, 2, . . . ,m} //{1, 2, . . . ,m} be the appliation dened by s(j) = sj . Then,
there exist j and q suh that j = sq(j). Consequently, there is a yle
Xj
δj ///o/o/o Xs(j)
δs(j) ///o/o/o Xs2(j)
δ
s2(j) ///o/o/o · · ·
δsq(j) ///o/o/o Xsq(j) = Xj
ontaining morphisms in radni
A[G](modA[G]) for eah 1 ≤ i ≤ t. Sine A[G] is
yle-nite, no morphism in this path belongs to the innite radial, and so A is
yle-nite. The latter part diretly follows from (a) and [38, (5.1)℄. 
REMARK 5.13. Reall from [24℄ that rad∞(modA) is alled left (or right)
T-nilpotent if for eah sequene (fi)i∈N in rad
∞(modA), there exists a natural
number m suh that fm · · · f1 = 0 (or f1 · · · fm = 0, respetively). It is easily seen
that the proof of (5.12)(a) an be adapted to show that rad∞(modA) is left (or
right) T -nilpotent if and only if so is rad∞(modA[G]).
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